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Abstract. Log Enriques surfaces with 8=1 are classified. 
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. Introduction 

Let S be a projective surface with kit singularities and with numer- 
ically trivial canonical class K$ = 0. Then S is called a log Enriques 
surface. 

Let us consider the following invariant 

> 

o : ( 

!>■ ■ S(S) = #<E\E is exceptional divisor with discrepancy 

(N ' ^ 

b: a(E,0)<--\. 
O 

^ ■ By theorem [7, 5.1] we have < S(S) < 2. In this paper the classi- 

fication of such surfaces with 5 = 1 is given. The classification of log 
Enriques surfaces with 5 = 2 was obtained in [3]. 

The classification method for surfaces with 5=1 doesn't distin- 
guishes from one in the case 5 = 2. Moreover, the classification of 
exceptional log Del Pezzo surfaces easily implies the classification of 
log Enriques surfaces. 

The log Enriques surfaces often appear in many problems. Such of 
them are the following ones: the study of Calabi-Yao varieties, the 
study of K3 surfaces (in particular, see section 1.5) and the problem 
of inductive classification of strictly log canonical singularities. 

In the latter problem log Enriques surfaces can be realized as the ex- 
ceptional divisors of purely log terminal blow-ups of three-dimensional 
strictly log canonical singularities. 
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1. Preliminary facts and results 

All varieties are algebraic and are assumed to be denned over C, the 
complex number field. The main definitions, terminology and notations 
used in the paper are given in [2], [6]. 

The general hypersurface of degree d in P is denoted by X d . In many 
cases it is enough to require the irreducibility and reducibility of X d . In 
the case p a {C) = 1 the curve Xd must have an ordinary double point. 
More exactly about a structure of X d see remark 2.2 [4]. 

Theorem 1.1. Let S be a log Enriques surface with 5=1. Denote 
the exceptional curve with discrepancy a(C,0) = —a < — | by C. Let 
f : S — > S be an extraction of C (i.e. f is a birational contraction such 
that Excf = C). 




Then there exists a birational contraction g: S — > S with the follow- 
ing properties: p(S) = 1, g doesn't contract the curve C . Put C = g(C) . 
Then the pair (S, aC) is one of the following ones: 

1. S = P(1,2,3) and aC = |X 7 . It is the case 6 - 2(ell). 

2. 5 = P(1,3,4) andaC = §X 9 . It is the case 8 - l(ell). 
3.S = P(l, 3, 5) and aC = jqX 10 . It is the case 9 - l(ell). 

4. S = P(1,5,8) and aC = |X 16 . It is the case 22 - 1 (ell) . 

5. The minimal resolution of S is one of the following ones. 




Case 51 - 2(ell) Case 51 - 6(ell) 

We have a — -jy and a = | in the cases 51 — 2 (ell) and 51 — 6 (ell) 
respectively. 

6.S = P(2, 3, 7) and aC = |X 14 . It is the case 52 - 2(ell). 
7. The minimal resolution of S is one of the following ones. 




Case 53 - 2(ell) Case 54(ell) 
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We have a — | and a = | m £/ie cases 53 — 2 (ell) and 54(ell) 
respectively. 

8. 5 = P(3,4,5) and aC = ^X 13 . It is the case 18 - 1(+1). 

9. S = P(3,5,7) and aC = ^X 17 . It is the case 25 - 1(+1). 
10. The minimal of S is one of the following ones. 



-2 -2 




-2 -2 -2 -2 



Case 55(0) Case 56(0) 

P^e aave a = yy and a = | m t/ie cases 55(0) and 56(0) respec- 
tively. 

If p a (C) = 1 then the curve C must have an ordinary double point. 

Proof. This theorem immediately follows from theorem 2.1 [4]. If we 
write ell in the brackets then p a (C) = 1. If we write q in the brackets 
then p a {C) = and the self-intersection index of proper transform of 
C on a minimal resolution of S is equal to q. The case p a {C) = 
is rewritten from theorem 2.1 [4] completely. In the case p a (C) = 1 
the curve C must be rational. Hence it must have an ordinary double 
point. By lemma 1.2 the log surfaces with p a {C) = 1 are rewritten 
from theorem 2.1 [4] only if a(C, 0) = — where k £ Z>2. □ 

Lemma 1.2. Let (C 2 ,a{xy = 0}) be a kit pair. Then there exists a 
blow-up with the discrepancy of exceptional divisor being equal to if 
and only if a = where k e Z> 2 . 

Proof. It is easy to prove that the required blow-up is toric, i.e. it is a 
weighted blow-up of C 2 with weights (cx,/3). Then a(E, 0) = a + f3 — 
1 — (a + f3)a, where E is an exceptional divisor. Hence a(E, 0) = 
a = 1 - □ 

a+j3 

Definition 1.3. Let S be a log Enriques surface. A canonical index 
I = I(S) is called the following number I = min{n G Z >0 | nK s ~ 0}. 
It is known that I < 21 [1], [8]. 

Corollary 1.4. Let S be a log Enriques surface with 5 — 1. Then 
I e {7,8,9,10,11,13,17}. 
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So, the problem of classification of log Enriques surfaces with 5 = 1 is 
to describe the following procedures. At first we consider the extraction 
S — > S such that every exceptional divisor E^ has the discrepancy 
a(Ei, aC) = 0. Then we contract the proper transform of C. The 
number of such procedures is finite by the following easy fact. 

Let (X, D) be a kit pair. Then the number of divisors E of the 
function field K,(X) with a(E,D) < is finite [6, lemma 3.1.9]. 

1.5. Log Enriques surfaces and K3 surfaces. 

Let S be a log Enriques surface with 5 — 1. Consider its canonical 
cover ip: S — Spec 0s ((B I i Zo^ > s(—iK s )) — > S, where I is an index of S. 

Since I > 7 (see corollary 1.4) then S is a K3 surface with at worst Du 
Val singularities [1], [8] and 

1. ip is cyclic Galous cover of degree I, which is etale over S\ Sing S. 

2. There exists a generator g of G&\(S/S) = Zj such that g*uj§ = 
e/c<jg, where £/ = exp(27T\/^l//) is a primitive root and cjg is a 
nowhere vanishing regular 2-form on S. 

Let A(S) be an exceptional set of x, where x is a minimal resolution of 
S. Then A(S) is a disconnected sum of divisors of Dynkin's type Aj, 
Bj, E fc . So A(5) = (®A a )©(©© /3 )©(©E 7 ). Let us define rank A(S) = 

2. Classification of log Enriques surfaces with 5=1 

Let S be a log Enriques surface with 5 = 1. Then S can be con- 
structed by the following way: at first we extract some set T of ex- 
ceptional curves with discrepancy for the corresponding model of 
theorem 1.1. After it we contract the proper transform of C. So, the 
classification of log Enriques surfaces with 5 = 1 is reduced to the de- 
scription of sets T. The curves from T are enumerated by the natural 
numbers in the corresponding figures. 

Definition 2.1. Let Tj = \%\ be a number of elements of set %, Tj = 
min{t | t G %} and T\ = max{t | t G %}. 

Definition 2.2. Let p a (C) = 1. These are the cases (l)-(7) from 
theorem 1.1. Then T = U T 2 U 7^, where T\ consists of the curves, 
which are contracted to the singular points of S lying on C, T 2 consists 
of the curves, which are contracted to the singular point of C, and T 3 
consists of the curves, which are contracted to the singular points of S 
not lying on C. The set T 2 is considered up to symmetry. For example, 
if 4 G T 2 then 9 G T 2 in the notation of theorem 2.3. Note that T 2 ^$. 
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Theorem 2.3. In the case 6 — 2 (ell) the set T must be one of the 
following ones. 

1. Let Ti = 0. Then T 2 > 2 and 4 G T 2 . 

2. LetT l = {\}. Then {4,5} H T 2 ^ 0. 

3. Let Ti = {3}. Then 4 G T 2 . 

4. Let Ti = {2} or 7\ > 2. T/aera T 2 ^ 0. 




Proof. In the figure it is shown the extraction of all curves with discrep- 
ancy for the pair (S, f C). The required curves are enumerated and 
they are (—1) curves on a minimal resolution. The extraction process 
was described in proposition 2.1 [3]. 

Let / : S — > S be an extraction of some set T. The proper transform 
of C is denoted by C. The obvious requirement for the set T is C 2 < 0. 
A necessary and sufficient condition for the set T is that the configura- 
tion of curves including C be contracted to a log terminal singularity. 
Therefore all such configurations must have the type A n , D n , E 6 , E 7 or 
E 8 . Using these facts the reader will easily prove this theorem. □ 

Corollary 2.4. In the case 6 - 2(ell) we have I = 1,1 < p(S) < 9 
and rtrnk A(S) + p(S) = 10. 

Proof. It is proved as theorem 2.8 [3]. □ 

Remark 2.5. The remained statements are proved similarly. The 
proofs are left to the reader. 

Theorem 2.6. In the case 8 — 1 (ell) the set T must be one of the 
following ones. 

1. Let T x = 0. Then either 3 G T 2; or {4, 7} C T 2 . 
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2. Let 1 e 71. Taen T 2 ^ 0. 

3. Let Ti = {2}. Then {3,4} n T 2 ^ 0. 

-3 




Corollary 2.7. In t/ie case 8 - l(ell) we have I = 9, 1 < p(S') < 8 
and rank A(S') + p(S) = 12. 

Theorem 2.8. In the case 9 — 1 (ell) the set T must be one of the 
following ones. 

1. Let Ti = 0. Then 2 G T 2 . 

2. Let 71 = {1}. ThenT 2 7^ 0. 



-3 -2 




Corollary 2.9. In t/ie case 9 - 1 (ell) we have I = 10, 1 < />(£) < 5 
and rank A(5) + p(S') = 12. 

Theorem 2.10. In the case 22 — 1 (ell) the set 7" must satisfy the fol- 
lowing condition: either 3 G T 2 , or 1 G T\ and T 2 7^ 0. 



-2 -3 -2 




Corollary 2.11. In the case 22 - l(ell) we have I = 8, 1 < p(S) < 6 
and rank A(S) + p(S) = 12. 
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Theorem 2.12. In the case 51 — 2(ell) the set T must be one of the 
following ones. 

1. Let Ti = 0. Then either {2, 3} n T 2 ^ 0, or A E T 2 and T 2 >7. 

2. LetTi = {1}. ThenT 2 ^(D. 



-2 -3 -2 -2 




Corollary 2.13. In toe case 51 — 2(ell) we have I = 11, 1 < < 11 
and rank A(S') + p(S') = 12. 

Remark 2.14. The _fT3 surfaces with the automorphisms of order 11 
and hence the log Enriques surfaces with index 7 = 11 were described 
in [5]. 

Theorem 2.15. In the case 51 — 6 (ell) the set T must satisfy the fol- 
lowing condition: either 2 G T 2 , or T± = {1} and T 2 7^ 0- 



-2 -3 -2 ^ -5 
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Corollary 2.16. In the case 51 — 6(ell) we have I — 8, 1 < p(S') < 6 
and rank A(S) + p(S') = 12. 

Theorem 2.17. In the case 52 — 2 (ell) the set T must satisfy the fol- 
lowing condition: either {3, 4} fl T 2 ^ 0, or T\ > 1 and T 2 ^ 0. 



Corollary 2.18. In the case 52 - 2(ell) we have I = 7, 1 < p(S) < 8 
and rank A(S) + p(S) = 10. 

Theorem 2.19. In the case 53 — 2(ell) the set T must be one of the 
following ones. 

1. Let Ti = 0. Then {2, 3} n T 2 ^ 0. 

2. LetTi = {1}. ThenT 2 ^ 0. 




Corollary 2.20. In toe case 53 - 2(ell) we /iaue / = 9, 1 < p(S') < 8 
and rank A(S') + p(S) = 12. 

Theorem 2.21. In the case 54(ell) the setT must satisfy the following 
condition: T 2 ^ 0. 




Corollary 2.22. In the case 54(ell) we have I — 7, 1 < p(S) < 8 and 
mnkA{S)+p{S) = 10. 

Definition 2.23. Let p a {C) = 0. These are the cases (8)-(10) of 
theorem 1.1. In all cases the surface S has only three singular points 
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lying on C. In the corresponding figures these points are enumerated 
from top to bottom of the figure. Then T = T± U T 2 U T%, where % 
consists of curves, which contract to the singular point of S with the 
number i. 

Theorem 2.24. In the case 18 — 1(+1) the set T must be one of the 
following ones. 

1. Let Ti = 0. Then either {3, 4} n T 2 ^ 0, or {6, 7} n T 3 ^ 0. 

2. Let 1 e Then T 2 and T 3 are arbitrary. 

3. Let Ti = {2}. Then either T 2 ^ 0, or T3 < 8. 




Corollary 2.25. In toe case 18 — 1(+1) we have I = 13, 1 < p(S') < 9 
ant/ rankA(,S) + p(S) = 10. 

Theorem 2.26. In the case 25 — 1(+1) the set T must be one of the 
following ones.. 

1. Let Ti = 0. Then either 2 G T 2 , or 4 G T 3 . 

2. Let T\ = {1}. TTien 72 and T% are arbitrary. 



Corollary 2.27. In the case 25 — 1(+1) we have I = 17, 1 < p(S) < 6 
and rank A(5 f ) + p(S') = 6. 

Theorem 2.28. In the case 55(0) toe set T must &e one o/toe follow- 



1. Let Ti = 0. T/ien eztoer {2, 3} n T 2 ^ 0, or T3 < 8, or 4 G T 2 and 

7i<io. 

2. Let 7[ = {1}. T/ien T 2 and T 3 are arbitrary. 




•2 -2 -2 -2 -3 -2 



mj ones. 
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Corollary 2.29. In the case 55(0) we have I = 11, 1 < < 11 

and rank A(S) + p(S) = 12. 

Theorem 2.30. In the case 56(0) £/ie set T must satisfy the following 
condition: 1 G Ti. 




Corollary 2.31. In the case 56(0) we have I — 7, 1 < p(S') < 3 and 
rankA(S)+p(S) = 13. 
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